Abstract. We propose a phase field model that approximates its limiting sharp interface model (free boundary problem) up to second order in interface thickness. A broad range of double-well potentials can be utilized so long as the dynamical coefficient in the phase equation is adjusted appropriately. This model thereby assures that computation with particular value of interface thickness ε, will differ at most by O(ε 2 ) from the limiting sharp interface problem. As an illustration, the speed of a traveling wave of the phase field model is asymptotically expanded to demonstrate that it differs from the speed of the traveling wave of the limit problem by O(ε 2 ).
It is important to note that this condition (even the equilibrium condition in which α = 0) alters the problem dramatically. First, it is no longer possible for temperature to retain its dual role in determining the phase as well. It is possible (as experiments show [16] ) to have water, for example, well below the freezing temperature. This necessitates another means for distinguishing the interface. For example, one could track the interface in time. Mathematically, this does not present a problem until there is a self-intersection of the interface. Proving the existence of solutions for the system of equations {heat equation, latent heat condition, and the GibbsThomson condition} poses a difficult mathematical problem that was accomplished by Chen and Reitich [15] for short times and Luckhaus [26] for global in time. Second, the computation of the interface is complicated by self-intersections, and the difficulty of tracking a moving interface. In fact, a complete problem would need to stipulate the conditions for a large number of types of intersecting interfaces. While front tracking has been used successfully in tracking interfaces in related problems, providing a very accurate description of the interface, it is generally considered a difficult computational method.
Since the possibility of undercooling makes it impossible for temperature to distinguish the phases, it is natural to seek a different function that defines the phase. Prior to the development of the phase field approach, the closest analogy that was available in physics appeared to be the order parameter approach of Landau theory [24] that was used chiefly for studying the critical point. This involves high temperatures at which liquid and vapor cease to be distinct phases. The order parameter approach was used to calculate the critical exponents whereby thermodynamic functions diverged. But unfortunately, these exponents were shown to be incorrect (though they were in the right order of magnitude) once exact calculations were performed on the Ising model. Thus the order parameter approach, to some extent, was a disappointment. Another hurdle in attempting to apply this idea was the fact that Landau's rationale for the order parameter lay in the fact that the correlation length (distance at which there is a probabilistic correlation between spins or atoms) diverges to infinity near the critical point. For an ordinary phase transition, one has the opposite extreme, namely, the correlation length is a few atomic lengths (or Angstroms). Another issue was the fact that universality was intrinsic to critical phenomena. In other words, minor changes in a model (e.g., the precise nature of the interactions between spins or atoms) did not alter the exponents. In any meaningful application of the order parameter idea for a solid-liquid transition, the solutions to the equations (temperature and interface position) must be precisely the correct ones, and one cannot "hide behind universality." Consequently, the order parameter idea applied to ordinary phase boundaries needed to be valid in a different regime than one for which the theory was originally intended, even though it was not completely valid even in that region. Furthermore, it needed to have this additional level of precision due to the lack of universality.
In the 1970's a review article by Hohenberg and Halperin [20] discussed the dynamics of order parameter in the context of critical phenomena. Similar ideas were utilized for spinodal decomposition (Cahn and Hilliard [14] ), grain boundaries (Allen and Cahn [4] ) in which there is no difference in internal energy between the two "phases," and some equilibrium problems [25] . The possibility that an order parameter could be used in the context of a system of equations was explored from a physical and mathematical perspective in the 1980's (Caginalp [7, 8, 6, 5] ). In particular, the coupling between the temperature and order parameter, φ, can be written in a form (see Caginalp and Chen [10, 9] )
where ϕ takes on values between −1 and +1, with the liquid (or higher energy phase) defined by +1, and the solid defined by −1. Here, G is a smooth function such that G(1) exceeds G(−1), and W is a smooth double-well function. With the equations appropriately scaled, the parameter ε is a measure of the interface thickness. The interface, Γ ε (t), is now defined as the set of points for which ϕ vanishes. For any meaningful physical or engineering applications, a rigorous study of the coupled system was crucial. In particular, a theory could be reasonable only if T and ϕ make the appropriate transitions near the interface, and satisfy a number of other conditions, such as boundedness. Beyond these issues is the key question of whether the solutions of the phase field equations converge to the sharp interface problem in the mathematical limit as ε approaches zero. This was resolved in stages, as the formal asymptotic analysis [6] was confirmed by rigorous results first in particular situations or symmetry [11, 10] and then in the general case (see [9] and Soner [30] ). In particular, Caginalp and Chen [9] proved that in the distinguished limit ε → 0, with all other parameters held constant, solutions of the phase field equations approach those of the sharp interface problems derived in [6] whenever the latter have a classical solution. While these works resolved many of the mathematical issues, the application of phase field equations to practical computations led to other interesting questions on the nature of this convergence. From the computational perspective, one can view the phase field approach as a methodology for computation of sharp interface models. Since the interface thickness is only a few atomic lengths, this perspective is very reasonable from a physical point of view. The practical issue can be stated as follows in terms of the value of ε. The physical value of ε is on the order of 10 −8 centimeters (cm) and the sharp interface limits corresponds to ε = 0. However, in order to compute the surface tension properly (see below) one needs to have a number of grid points in the interfacial region. This requires a grid spacing to be smaller than ε. Thus, computations, even on supercomputers, in three-dimensional space are limited to ε ≥ 10 −4 cm (for an overall size of the domain that is typically 1 cm). In other words, if one is to use the phase field equations for realistic computations the interface motion for the system with ε = 10 −4 and ε = 10 −8 must be nearly identical. This physical ansatz that the interface thickness could be stretched out by a factor of ten thousand without significantly altering the motion of the interface was suggested and confirmed numerically in [13] . Since then, phase field equations have been used for a number of applications, and appear to be one of the most viable methods for computing interface motion. With these results and increased computer speeds, it has become possible to perform computations using realistic parameters (with ε as a "free parameter" that can be chosen for computational convenience). See for example, [3, 22, 19, 21, 28] and references contained therein. In particular, the physical value of the capillarity length d 0 that arises from the surface tension, is often about 10 −7 cm, while the radius of curvature of the (dendritic) tips of the interface are often about 10 −5 cm or smaller. If the true velocity of the interface for the sharp interface problem is given by v sharp and the phase field approximation is v ε , then the rigorous asymptotic analysis to date suggests that the difference is, at best,
and similarly for the interface position. As noted above, the value of ε must be at least 10 −4 while the interface to be resolved is of the scale (radius of curvature, for example) 10 −3 or 10 −4 . Consequently, if we could define a new phase field model, along with a proof that
then there would be tremendous computational advantage, namely from ε = 10
to ε 2 = 10 −8 . From a physical perspective, the difference in error is reduced from mid-branch width to atomic width.
In this paper, we propose a new phase field model, by redefining W, G and α ε , such that for any limiting sharp interface problem with any material parameters, the solutions of our phase field equations differ from the sharp interface problem by O(ε 2 ) in the manner indicated above. In addition, we use a different perspective in differential geometry that simplifies the asymptotic analysis and the proofs of convergence.
To be specific, we write the dimensionless phase field model under consideration as
where the unknowns u ε (x, t) and ϕ ε (x, t) are respectively the temperature and the phase indicator (ϕ ε = 1 for liquid and −1 for solid), ε is a small positive parameter representing the interface thickness, Ω is a bounded domain in R n with smooth boundary ∂Ω, W (·) is a smooth double-equal-well potential and G a smooth function satisfying
Here, m and are non-negative constants and
It is shown in [10] that as ε 0, solutions to (1.1) under appropriate initial and boundary conditions converge to solutions to the following limit free boundary problem: Find phase domains Ω + (t) and Ω − (t) and unknown functions u 4) where N is the unit vector normal to Γ(t), pointing toward Ω + (t), κ the sum of the principal curvatures of Γ(t) (positive if Ω − (t) is convex), v the normal velocity of Γ(t) (positive if Ω − (t) is expanding). For convenience, we denote by Φ the unique solution tö
We shall demonstrate that the Φ(0)-level set Γ ε (t) of ϕ ε is within an O(ε 2 ) distance from Γ(t) of the free boundary problem and analogously for the temperature u ε and u ± , provided that
The precise statement of our main result is stated in Theorem 10.1 in §10. In numerical simulation, we can take the special choice
When m = 0 and α ε = 1, the phase field equation becomes the Allen-Cahn [4] equation ϕ t − ∆ϕ + W (ϕ) = 0. The resulting free boundary problem is the motion by mean curvature equation v + κ = 0. In this case our rapid convergence result was derived earlier by Nochetto and Verdi [28] .
The rigorous proof on the convergence of solutions of (1.1) to (1.4) relies on two key assumptions: one is the existence of classical smooth solutions to solutions to (1.4) (with appropriate initial and boundary conditions) which we assume is true and the other is the existence of formal asymptotic expansions of certain order to solutions to (1.1) whose leading order expansions are that of (1.4). Hence, to show that the Φ(0)-level set of ϕ ε is within an O(ε 2 ) distance of Γ(t), we need to construct formal asymptotic expansions of arbitrary higher order, via an inner-outer expansion technique, and show that the first order expansion of the Φ(0)-level set of ϕ ε vanishes.
Arbitrary higher order inner-outer asymptotic expansions for the phase field equations were given by the authors in [9] . Although these expansions in [9] can be directly quoted here, we prefer to present a complete expansion with a new but much simpler technique. This paper is organized as follows. In §2, we collect, for reader's convenience, a few basic notations used throughout the paper. The simpler outer expansion (e.g. solution in the phase domains {(x, t) | ϕ ε (x, t) ≈ ±1}) is summarized in §3. Since inner expansions (e.g. solution near {(x, t) | ϕ ε ≈ 0}) are very complicated, we divide the techniques into pieces and present them in § §4-10. As an illustration of our result, we provide a one-dimensional traveling wave example in §11. Our concluding remarks are in §12.
2. Notation. For easy reference, we list here some main notations used in the sequel.
In the phase domain, we use the outer expansion
Near the interface, we use the following notations:
Γ 0 (t) = Γ(t) : the limiting interface, i.e, the free boundary,
Note that Γ(t) is the zero level set of R(x, t) and Γ ε is the zero level set of ρ. Also we use the new independent variables (ρ, s, t) and a new function
where θ, chosen at our convenience, is any fixed smooth function satisfying θ(−∞) = 0, θ(∞) = 1. We use the inner expansion
In our expansion, all ϕ
It is not necessary thatû 1 ≡ 0 sinceû 1 depends on the choice of θ.
3. The Outer Expansion. In the "phase domain" where ϕ ε ∼ ±1, we expand the solution to (1.1) by (2.1). Upon substituting the outer expansion (2.1) into (1.1) and equating coefficients of ε j for all j, we immediately obtain the following.
where Q ± 0 is the limiting phase domain to be determined later. Remark 3.1. 1. If there is no phase transition, then (1.1) is equivalent to u εt = ∆u ε , whereas ϕ ε ≡ 1 for the liquid and ϕ ε ≡ −1 for that of solid.
2. The assertion of the lemma relies on the assumption that G (±1) = 0 and W (±1) = 0. For the case G (±) = 0, see [9] . 4 . Basic Geometric Identities. We denote by Γ 0 (t) =: Γ(t) the limiting interface, and Ω ± 0 (t) =: Ω ± (t) the limiting phase domains, and assume, for the moment, that they exist and are smooth.
Locally, we can parameterize Γ 0 (t) by X 0 (s, t) where s ∈ R n−1 . We use N (s, t) to denote the unit normal to Γ 0 (t) (pointing to Ω + 0 (t)) at X 0 (s, t)). Hence, for each t, the map
is locally a differomorphism. We denote the inverse by
It is easy to see that
It then follows that
n×n is symmetric, we can arrange these eigenpairs such that {τ 1 , · · · , τ n−1 , ∇R} form an orthonormal basis of R n . In geometry, restricting x to Γ 0 , τ 1 , · · · , τ n−1 are called the principal directions of Γ 0 (t), and κ 1 , · · · , κ n−1 the principal curvatures. We use κ to denote the sum of all principal curvatures for Γ 0 (t), also refer to it as the (n − 1 multiple) of the mean curvature. Then
Also, we denote
with respect to t and taking the inner product of the resulting equation with N gives
Geometrically v(s, t) represents the velocity in the normal direction of the motion of Γ 0 (t) at point X 0 (s, t). The above equation implies that R t (x, t) = R t (X 0 + rN, t) is independent of r. Finally, we recall the Taylor expansion, for a smooth function w,
where β is a generic integer index, y ⊗ · · · ⊗ y an order k tensor, and : the shrinking operator of two order k tensors. In particular,
Under the change of coordinates from (x, t) to (r, s, t), we have
where rN (s, t) , and are regarded as functions of (r, s, t).
We expect that Γ ε (t) can be expressed as a graph over Γ 0 (t):
Hence, to find Γ ε , it suffices to find h ε . We define the stretched variable ρ by
Thus, ρ represents the distance from x to Γ ε , in the direction of N (the unit normal of Γ 0 ), and magnified by a factor of 1/ε. In the sequel, we use (ρ, s, t) as independent variables for inner expansions. The change of variables can be written as
Under this change of variables, we can calculate
6. The Inner Expansion. Let θ be a fixed smooth function having the following properties:
Near the interface Γ ε (t), we use the independent variables (ρ, s, t), the new function u ε defined in (2.2), and the inner expansion (2.3). We point out that all ε independent functions of (x, t) are expanded via the Taylor expansion at X 0 (s, t) after setting x = X 0 (s, t) + ε(ρ + h ε (s, t))N (s, t). Also, that ϕ ε = Φ(0) on Γ ε and the matching conditions of inner-outer expansions are equivalent to
We call Γ 0 (t) the zeroth order expansion of Γ ε and h j the jth order (j ≥ 1) expansion.
Since (u 
Using (ρ, s, t) as the independent variables, the phase field equations can be expressed as, after omitting the subscript ε,
The Zeroth Order Expansion. For simplicity, we use [[w]
] to denote the jump of w across Γ 0 ; i.e.
), t).
Equating the zeroth order (ε 0 ) coefficients in (6.3) and (6.4) we obtain the zeroth order inner expansion equations:
The matching conditions for φ 0 ,û 0 then yields
where Φ(·) is the unique solution to (1.5).
To continue, we need the following lemma.
Lemma 7.1. Assume W satisfies (1.2). Then (1.5) admits a unique solution, and the solution satisfiesΦ = 2W (Φ). In addition, define the linear operator
Lφ = −φ ρρ + W (Φ(ρ))φ.
Then for any bounded continuous function g on R satisfying g(±∞)
= 0, the following problem, for φ,
is solvable if and only if
Moreover, if solvable, the solution is unique.
This Lemma can be proven by using the variation of constant technique for second linear order ODE's. We omit the details.
In the sequel, we denote by Φ 1 the unique solution to
Note that by the assumption (1.2), this problem has a unique solution.
In particular, the choice
For the higher order expansions, we notice that, by the Taylor expansion,
), t).
The equations for the coefficient of ε 1 in (6.3) and (6.4) read
The solvability of ϕ 1 requires
Under such conditions, the solution ϕ 1 is given uniquely by
In the special case when G is given by (1.2) or more general (7.2), one has ϕ 1 ≡ 0.
Integrating the equation forû 1ρρ and using u 1ρ | ρ=−∞ = 0 gives
The conditionû 1ρ | ρ=∞ = 0 then requires
Consequently, one has the equations 
The equation for ϕ 2 reads
We can also compute
Thus, the solvability condition for ϕ 2 can be written as, using
Finally, we consider the equation forû 2 . The equation reads, sinceû 0 ≡ 0 and
Substituting the expression forû 1ρ and integrating we obtain
Using (7.3), the conditionû 2ρ | ρ=∞ = 0 is equivalent to
At this stage, we conclude that (u
Now if we take α 1 =α 1 and homogeneous boundary and initial data for u ± 1 , then we obtain
If in particular we take θ = 1 2 (1 + Φ), then 
where all · · · depend only on the lower order expansions. This is a well-posed linear problem and admits a unique solution for appropriately given initial and boundary conditions. By a mathematical induction, we can find arbitrarily higher order expansions, provided that the solution (u
is sufficiently smooth. Following a general rigorous result of [10] which states that if one can find arbitrary higher order expansion for the phase field system, then the expansion is asymptotic, e.g, the expansion converges to the limit, we then can show that the asymptotic expansion is valid. Hence, we can summarize our result as follows: (1.7) , and α ε = α + εα 1 where α 1 is given in (1.6) .
Suppose a set of initial and boundary data is supplied to (1.4) such that (1.4) admits a smooth solution, denoted by (u
Let R 0 (x) be the signed distance from x to Γ 0 (0) and S 0 (x) the orthogonal projection from x onto Γ 0 (x). For (1.1) supply u ε the same boundary data as that for (1.4) , but with the initial data
Also impose on ϕ ε the homogeneous Neumann boundary condition and the initial data
Denote by (u ε , ϕ ε ) the solution to (1.1) with the above mentioned initial and boundary conditions, and by
Denoting by R(x, t) the signed distance from x to Γ 0 (t) and by S(x, t) the orthogonal projection from x onto Γ 0 (t), there holds
In particular,
Furthermore, if G (s) = 2W (s) so that Φ 1 ≡ 0, then a similar relation holds for ϕ ε :
Remark 10.1. 1. If Γ 0 (t) touches the boundary ∂Ω, then not only the boundary layer expansion is needed, but also the boundary condition for ϕ ε has to be compatible with that of u ± 0 . For the simplicity of our presentation, we choose to omit the boundary layer expansions. For the corresponding techniques, see Caginalp and Chen [10] 2. Due to the introduction of new functionsû ε and h ε , the asymptotic expansion technique used here is diffferent from and much simpler than that used in CaginalpChen [9] for the phase field equation, Alikakos-Bates-Chen [1] for the Cahn-Hilliard equation, and deMottoni-Schatzman [17] for the Allen-Cahn equation where the new independent variables (ρ, s, t) are defined as
11. A 1-D Example. We consider the one-dimensional case, taking
For fixed positive constants α and v, the free boundary problem (1.4) admits a traveling wave of speed v > 0, modeling solidification of supercooled liquid:
Here the value ϕ is needed to indicate that the region {x < vt} is occupied by solid whose temperature is the constant −αv, and the region {x > vt} is occupied by liquid which is supercooled near x = ∞ since its temperature is − − αv which is below − . Thus the traveling wave solution describes the phemenomon that the supercooled liquid is solidifying, releasing latent heat to increase the temperature in solid, and the free boundary, located at vt, is moving to the right with a constant velocity v > 0. Correspondingly, (1.1) also admits a traveling wave, with the prescribed temperature at x = ±∞. The existence of traveling waves to (1.1) has been studied by Caginalp and Nishiura [12] . Here for the readers convenience and also to find the corresponding traveling wave speed c ε =: c, we provide details.
We are looking for solutions to (1.1) that have the form
The equation for u ε reads w + c w + since G (Φ) =Φ. Therefore, we obtain
From this, we conclude that
By linearization, one can show that the solution Ψ 1 decays exponentially fast near ρ = ±∞. Finally, multiplying (11.1) byΨ/ε and integrating over R, we obtain
, we then obtain
12. Conclusion. In this paper we have derived a set of phase field models and proven that these approximate the motion of a sharp interface to O(ε 2 ) rather than O(ε), where ε is a measure of interface thickness. Since it is difficult to implement values smaller than ε = 10 −3 due to grid size and computational time constraints, the computational advantage is highly significant. The key here is to set α ε = α 0 + εα 1 where α 1 is given by (1.6). Past computation simulations are exclusively done with α 1 = 0. As demonstrated in this paper, setting α 1 =α 1 improves the approximation of the phase field model to the limiting sharp interface model from O(ε) to O(ε 2 ). To summarize, we write the sharp interface problem in fully dimensional form as 2) has the property that the distance between the zero level set of ϕ ε , namely, Γ ε (t), and Γ 0 (t), is O(ε 2 ). Alternative distinguished limits. It has been known for some time that a broad spectrum of sharp interface models, of which (12.1) is just one, can be obtained as distinguished limits of phase field equations such as (12.2 The phase field equations have numerous additional distinguished limits as shown in Figure 1 of [9] and [8] . Among these is the sharp interface problem known as the Allen-Cahn equation obtained by setting T := T E for the initial and boundary conditions and assuming l m := 0. Then the limit ε → 0 yields the motion by mean curvature. Hence the choice α 1 := 0 in α ε = α 0 +εα 1 yields an O(ε 2 ) approximation to the interface. For the Allen-Cahn equation this fact had been noted [17, 28] . Our methodology can be applied to the other limits in [9] , the main consideration being the preservation of bounds as quantities such as c m approach zero.
